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CROSSED PRODUCTS OF LOCALLY C∗-ALGEBRAS AND
MORITA EQUIVALENCE
MARIA JOIT¸A
Abstract. We introduce the notion of strong Morita equivalence for group
actions on locally C∗-algebras and prove that the crossed products associated
with two strongly Morita equivalent continuous inverse limit actions of a locally
compact group G on the locally C∗-algebras A and B are strongly Morita
equivalent. This generalizes a result of F. Combes, Proc. London Math. Soc.
49(1984) and R. E. Curto, P.S. Muhly, D. P. Williams, Proc. Amer. Soc.
90(1984).
1. Introduction
Locally C∗-algebras are generalizations of C∗-algebras. Instead of being given
by a single C∗-norm, the topology on a locally C∗-algebra is defined by a directed
family of C∗-seminorms. Such important concepts as Hilbert C∗-modules, Morita
equivalence, crossed products of C∗-algebras can be defined in the framework of
locally C∗-algebras and many results can be extended. The proofs, however, are
not quite as straightforward.
Phillips [15] introduced the notion of inverse limit action of a locally compact
group on a metrizable locally C∗-algebra and he considered the crossed products
of metrizable locally C∗-algebras by an inverse limit action. In [8] we considered
the crossed products of locally C∗-algebras by inverse limit actions and using some
results about actions of Hopf C∗-algebras on locally C∗-algebras we proved a Takai
duality theorem for crossed products of locally C∗-algebras.
The notion of strong Morita equivalence of locally C∗-algebras was introduced
in [6]. It is well known that if α and β are two strongly Morita equivalent actions of
a locally compact group G on two C∗-algebras A and B, then the crossed products
G×α A and G×β B are strongly Morita equivalent [2, 3]. In this work, we extend
this result in the context of locally C∗-algebras.
The paper is organized as follows. In Section 2 are presented some results about
locally C∗-algebras [4, 5, 6], Hilbert modules over locally C∗-algebras [10, 14] and
crossed products of locally C∗-algebras [8, 15]. In Section 3, we introduce the
notion of action of a locally compact group G on a Hilbert module E over a locally
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C∗-algebra A, and we show that, if E is full, such an action induces two actions of
G on the locally C∗-algebras A and K(E), the locally C∗-algebra of all compact
operators on E. Moreover, these actions are inverse limit actions if the action
of G on E is an inverse limit action. The notion of strong Morita equivalence
for group actions on locally C∗-algebras is introduced in Section 4, and we prove
that the strong Morita equivalence of group actions on locally C∗-algebras is an
equivalence relation. In Section 5, we prove that the crossed products of two locally
C∗-algebras by two strongly Morita equivalent inverse limit actions are strongly
Morita equivalent.
2. Preliminaries
A locally C∗-algebra is a complete Hausdorff complex topological ∗-algebra A
whose topology is determined by its continuous C∗-seminorms in the sense that a
net {ai}i∈I converges to 0 in A if and only if the net {p(ai)}i∈I converges to 0 for
all continuous C∗-seminorms p on A. The term of ”locally C∗-algebra” is due to
Inoue. In the literature, locally C∗-algebras have been given different names such
as b∗-algebras ( C. Apostol ), LMC∗-algebras ( G. Lassner, K. Schmu¨dgen) or pro-
C∗-algebras (N. C. Phillips).
The set S(A) of all continuous C∗-seminorms on A is directed with the order
p ≥ q if p (a) ≥ q (a) for all a ∈ A. For each p ∈ S(A), ker p = {a ∈ A; p(a) = 0}
is a two-sided ∗-ideal of A and the quotient ∗-algebra A/ ker p, denoted by Ap, is
a C∗-algebra in the C∗-norm induced by p. The canonical map from A to Ap is
denoted by piAp .
For p, q ∈ S(A) with p ≥ q there is a canonical surjective morphism of C∗-
algebras piApq : Ap → Aq such that pi
A
pq ◦ pi
A
p = pi
A
q . Then {Ap;pi
A
pq}p,q∈S(A),p≥q is an
inverse system of C∗-algebras and moreover, the locally C∗-algebrasA and lim
←
p∈S(A)
Ap
are isomorphic.
A morphism of locally C∗-algebras is a continuous morphism of ∗ -algebras. Two
locally C∗-algebras A and B are isomorphic if there is a bijective map Φ : A→ B
such that Φ and Φ−1 are morphisms of locally C∗-algebras.
A representation of a locally C∗-algebra A on a Hilbert space H is a continuous
∗-morphism ϕ from A to L(H), the C∗-algebra of all bounded linear operators on
H . We say that the representation ϕ is non-degenerate if ϕ (A)H is dense in H.
Hilbert modules over locally C∗-algebras are generalizations of Hilbert C∗-modules
by allowing the inner product to take values in a locally C∗-algebra rather than in
a C∗-algebra.
Definition 2.1. A pre-Hilbert A-module is a complex vector space E which is also
a right A-module, compatible with the complex algebra structure, equipped with an
A-valued inner product 〈·, ·〉 : E × E → A which is C -and A-linear in its second
variable and satisfies the following relations:
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(1) 〈ξ, η〉
∗
= 〈η, ξ〉 for every ξ, η ∈ E;
(2) 〈ξ, ξ〉 ≥ 0 for every ξ ∈ E;
(3) 〈ξ, ξ〉 ≥ 0 for every ξ ∈ E; 〈ξ, ξ〉 = 0 if and only if ξ = 0.
We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the family of seminorms {pE}p∈S(A), where pE(ξ) =
√
p (〈ξ, ξ〉),
ξ ∈ E.
Any locally C∗-algebra A is a Hilbert A -module in a natural way.
A Hilbert A-module E is full if the linear space 〈E,E〉 generated by {〈ξ, η〉 , ξ, η ∈
E} is dense in A.
Let E be a Hilbert A-module. For p ∈ S(A), ker pE = {ξ ∈ E; pE(ξ) = 0} is
a closed submodule of E and Ep = E/ ker pE is a Hilbert Ap-module with (ξ +
ker pE)pi
A
p (a) = ξa+ker pE and 〈ξ + ker pE , η + ker pE〉 = pi
A
p (〈ξ, η〉). The canonical
map from E onto Ep is denoted by σ
E
p .
For p, q ∈ S(A) with p ≥ q, there is a canonical surjective morphism of vector
spaces σEpq from Ep onto Eq such that σ
E
pq(σ
E
p (ξ)) = σ
E
q (ξ) for all ξ ∈ E. Then
{Ep;Ap;σ
E
pq, pi
A
pq}p,q∈S(A),p≥q is an inverse system of Hilbert C
∗-modules in the
following sense: σEpq(ξpap) = σ
E
pq(ξp)pi
A
pq(ap), ξp ∈ Ep, ap ∈ Ap;
〈
σEpq(ξp), σ
E
pq(ηp)
〉
=
piApq(
〈
ξp, ηp
〉
), ξp, ηp ∈ Ep; σ
E
pp(ξp) = ξp, ξp ∈ Ep and σ
E
qr ◦ σ
E
pq = σ
E
pr if p ≥ q ≥ r,
and lim
←
p∈S(A)
Ep is a Hilbert A-module with the action defined by
(
(ξp)p
)
((ap)p) =
(ξpap)p and the inner product defined by
〈
(ξp)p, (ηp)p
〉
=
(〈
ξp, ηp
〉)
p
. Moreover,
the Hilbert A-module E can be identified with lim
←
p∈S(A)
Ep.
Let E and F be two Hilbert A-modules. A module morphism T : E → F is
adjointable if there is a module morphism T ∗ : F → E such that 〈Tξ, η〉 = 〈ξ, T ∗η〉
for all ξ ∈ E and for all η ∈ F . If T is an adjointable module morphism from E
to F , then, for each p ∈ S(A), there is a positive constant Mp such that pF (Tξ) ≤
MppE (ξ) for all ξ ∈ E.
The set of all adjointable module morphisms from E to F is denoted by L(E,F )
and we write L(E) for L(E,E). For p ∈ S(A), since T (ker pE) ⊆ ker pF for all
T ∈ L(E,F ), we can define a linear map (piAp )∗ : L(E,F )→ L(Ep, Fp) by
(piAp )∗(T )(σ
E
p (ξ)) = σ
F
p (T (ξ)).
We consider on L(E,F ) the topology defined by family of seminorms {p˜L(E,F )}p∈S(A),
where
p˜L(E,F )(T ) =
∥∥(piAp )∗(T )∥∥L(Ep,Fp)
for all T ∈ L(E,F ). Thus topologized L(E,F ) becomes a complete locally convex
space and L(E) becomes a locally C∗-algebra.
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For p, q ∈ S(A) with p ≥ q, consider the linear map (piApq)∗ : L(Ep, Fp) →
L(Eq, Fq) defined by
(piApq)∗(Tp)(σ
E
q (ξ)) = σ
F
pq(Tp(σ
E
p (ξ)))
Tp ∈ L(Ep, Fp), ξ ∈ E. Then {L(Ep, Fp), (pi
A
pq)∗}p,q∈S(A),p≥q is an inverse system of
Banach spaces and the complete locally convex spaces L(E,F ) and lim
←
p∈S(A)
L(Ep, Fp)
can be identified. Moreover, the locally C∗-algebras L(E) and lim
←
p∈S(A)
L(Ep) can be
identified.
For ξ ∈ E and η ∈ F we consider the rank one homomorphism θη,ξ from E
into F defined by θη,ξ(ζ) = η 〈ξ, ζ〉. Clearly, θη,ξ ∈ L(E,F ) and θ
∗
η,ξ = θξ,η. The
linear subspace of L(E,F ) spanned by {θη,ξ; ξ ∈ E, η ∈ F} is denoted by Θ(E,F ),
and the closure of Θ(E,F ) in L(E,F ) is denoted by K (E,F ) . We write K(E) for
K(E,E). Moreover, K(E,F ) may be identified with lim
←
p∈S(A)
K(Ep, Fp).
We say that the Hilbert A-modules E and F are unitarily equivalent if there is
a unitary element U in L(E,F ) (that is, U∗U =idE and UU
∗ =idF ).
Let G be a locally compact group and let A be a locally C∗-algebra. The vector
space of all continuous functions from G to A with compact support is denoted by
Cc(G,A).
Lemma 2.2. ([8, Lemma 3.7]] ) Let f ∈ Cc(G,A). Then there is a unique element∫
G
f(s)ds in A such that for any non-degenerate ∗-representation (ϕ,Hϕ) of A
〈
ϕ(
∫
G
f(s)ds)ξ, η
〉
=
∫
G
〈ϕ(f(s))ξ, η〉 ds
for all ξ, η in Hϕ. Moreover, we have:
(1) p(
∫
G
f(s)ds) ≤Mf sup{p(f(s)); s ∈supp(f)} for some positive constant Mf
and for all p ∈ S(A);
(2) (
∫
G
f(s)ds)a =
∫
G
f(s)ads for all a ∈ A;
(3) Φ(
∫
G
f(s)ds) =
∫
G
Φ (f(s)) ds for any morphism of locally C∗-algebras Φ :
A→ B;
(4) (
∫
G
f(s)ds)∗ =
∫
G
f(s)∗ds.
An action of G on A is a morphism of groups α from G to Aut(A), the set of
all isomorphisms of locally C∗-algebras from A to A. The action α is continuous if
the function t→ αt(a) from G to A is continuous for each a ∈ A.
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An action α of G on A is an inverse limit action if we can write A as inverse
limit lim
←
λ∈Λ
Aλ of C
∗-algebras in such a way that there are actions αλ of G on Aλ,
λ ∈ Λ such that αt = lim
←
λ∈Λ
αλt for all t in G [15, Definition 5.1].
The action α of G on A is a continuous inverse limit action if there is a cofinal
subset of G-invariant continuous C∗-seminorms on A ( a continuous C∗-seminorm
p on A is G -invariant if p(αt(a)) = p(a) for all a in A and for all t in G). Thus, for
a continuous inverse limit action t → αt of G on A we can suppose that for each
p ∈ S(A), there is a continuous action t→ αpt of G on Ap such that αt = lim
←
p∈S(A)
αpt
for all t ∈ G.
Let f, h ∈ Cc(G,A). The map (s, t) → f(t)αt
(
h(t−1s)
)
from G ×G to A is an
element in Cc(G×G,A) and the relation
(f × h) (s) =
∫
G
f(t)αt
(
h(t−1s)
)
dt
defines an element in Cc(G,A), called the convolution of f and h.
The vector space Cc(G,A) becomes a ∗-algebra with convolution as product and
involution defined by
f ♯(t) = ∆(t)−1αt
(
f(t−1)∗
)
where ∆ is the modular function on G.
For any p ∈ S(A), the map Np : Cc(G,A) → [0,∞) defined by
Np(f) =
∫
G
p(f(s))ds
is a submultiplicative ∗-seminorm on Cc(G,A).
Let L1(G,A, α) be the Hausdorff completion of Cc(G,A) with respect to the
topology defined by the family of submultiplicative ∗-seminorms {Np}p∈S(A). Then
L1(G,A, α) is a complete locally m-convex ∗-algebra.
For each p ∈ S(A) the map np : L
1(G,A, α) → [0,∞) defined by
np(f) = sup{‖ϕ (f)‖ ;ϕ ∈ Rp(L
1(G,A, α)},
where Rp(L
1(G,A, α) denotes the set of all non-degenerate representations ϕ of
L1(G,A, α) on Hilbert spaces which verify the relation
‖ϕ (f)‖ ≤ Np(f)
for all f ∈ L1(G,A, α), is a C∗-seminorm on L1(G,A, α). The Hausdorff com-
pletion of L1(G,A, α) with respect to the topology determined by the family of
C∗-seminorms {np}p∈S(A) is a locally C
∗-algebra, denoted by G ×α A, and called
the crossed product of A by the action α. Moreover,
A×α G = lim
←−
p∈S(A)
G×αp Ap
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up to an isomorphism of locally C∗-algebras.
3. Group actions on Hilbert modules
Let A and B be two locally C∗-algebras, let E be a Hilbert A-module and let F
be a Hilbert B-module.
Definition 3.1. A map u : E → F is called morphism of Hilbert modules if there
is a morphism of locally C∗-algebras α : A→ B such that
〈u (ξ) , u (η)〉 = α (〈ξ, η〉)
for all ξ, η ∈ E. If we want to specify the morphism α of locally C∗-algebras, we
say that u is an α-morphism.
Remark 3.2. Let u : E → F be an α-morphism. Then:
(1) u is linear;
(2) u is continuous;
(3) u (ξa) = u (ξ)α (a) for all a ∈ A and for all ξ ∈ E;
(4) if α is injective, then u is injective.
Definition 3.3. An isomorphism of Hilbert modules is a bijective map u : E → F
such that u and u−1 are morphisms of Hilbert modules.
Proposition 3.4. Let E be a Hilbert A-module, let F be a Hilbert B-module and
let u : E → F be an α-morphism of Hilbert modules. If E and F are full and u is an
isomorphism of Hilbert modules, then α is an isomorphism of locally C∗-algebras.
Proof. Indeed, since u−1 : F → E is a morphism of Hilbert modules, there is a
morphism of locally C∗-algebras β : B → A such that
β (〈η1, η2〉) =
〈
u−1 (η1) , u
−1 (η2)
〉
for all η1, η2 ∈ F . Then we have:
(α ◦ β) (〈η1, η2〉) = α
(〈
u−1 (η1) , u
−1 (η2)
〉)
= 〈η1, η2〉
for all η1, η2 ∈ F and
(β ◦ α) (〈ξ1, ξ2〉) = β (〈u (ξ1) , u (ξ2)〉) = 〈ξ1, ξ2〉
for all ξ1, ξ2 ∈ E. From these facts and taking into account that E and F are full
and the maps α and β are continuous, we conclude that α◦β =idB and β ◦α =idA.
Therefore α is an isomorphism of locally C∗-algebras. 
For a Hilbert A-module E,
Aut(E) = {u : E → E;u is an isomorphism of Hilbert modules }
is a group.
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Definition 3.5. Let G be a locally compact group. An action of G on E is a
morphism of groups g → ug from G to Aut(E).
The action g → ug of G on E is continuous if the map g → ug (ξ) from G to E
is continuous for each ξ ∈ E.
An action g → ug of G on E is an inverse limit action if we can write E as
an inverse limit lim
←
λ∈Λ
Eλ of Hilbert C
∗-modules in such a way that there are actions
g → uλg of G on Eλ, λ ∈ Λ such that ug = lim
←
λ∈Λ
uλg for each g ∈ G.
Remark 3.6. Suppose that g → ug is an inverse limit action of G on E. Then
E = lim
←
λ∈Λ
Eλ and ug = lim
←
λ∈Λ
uλg for each g ∈ G, where g → u
λ
g is an action of G on
Eλ for each λ ∈ Λ.
Let λ ∈ Λ. Since g → uλg is an action of G on Eλ,∥∥uλg (σλ(ξ)∥∥Eλ = ‖σλ(ξ‖Eλ
for each ξ ∈ E, and for all g ∈ G [2, pp. 292]. This implies that
pλ(ug(ξ)) = pλ(ξ)
for all g ∈ G and for all ξ ∈ E.
From these facts, we conclude that g → ug is an inverse limit action of G on E,
if S(G,A) = {p ∈ S(A); pE (ug (ξ)) = pE (ξ) for all g ∈ G and for all ξ ∈ E} is a
cofinal subset of S(A). Therefore, if g → ug is an inverse limit action of G on E,
we can suppose that ug = lim
←
p∈S(A)
upg.
Remark 3.7. Let g → ug be an inverse limit action of G on E. By Remark 3.6,
we can suppose that ug = lim
←
p∈S(A)
upg. If the actions g → u
p
g of G on Ep, p ∈ S(A)
are all continuous, then, clearly, the action g → ug of G on E is continuous.
Conversely, suppose that the action g → ug of G on E is continuous. Let
p ∈ S(A), g0 ∈ G, ξ0 ∈ E and ε > 0. Since the map g → ug (ξ0) from G to
E is continuous, there is a neighborhood U0 of g0 such that
pE (ug (ξ0)− ug0 (ξ0)) ≤ ε
for all g ∈ U0. Then∥∥upg (σEp (ξ0))− upg0 (σEp (ξ0))∥∥Ep = ∥∥σEp (ug(ξ0)) − σEp (ug0(ξ0))∥∥Ep
= pE (ug (ξ0)− ug0 (ξ0)) ≤ ε
for all g ∈ U0. This shows that the action g → u
p
g of G on Ep is continuous. Thus
we showed that the inverse limit action g → ug of G on E is continuous if and only
if the actions g → upg of G on Ep, p ∈ S(A) are all continuous.
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Proposition 3.8. Let G be a locally compact group and let E be a full Hilbert
A-module. Any action g → ug of G on E induces an action g → α
u
g of G on A
such that
αug (〈ξ, η〉) = 〈ug (ξ) , ug (η)〉
for all g ∈ G and for all ξ, η ∈ E and an action g → βug of G on K(E) such that
βug (θξ,η) = θug(ξ),ug(η)
for all g ∈ G and for all ξ, η ∈ E. Moreover, if g → ug is a continuous inverse
limit action of G on E, then the actions of G on A respectively K(E) induced by u
are continuous inverse limit actions.
Proof. Let g ∈ G. Since E is full and ug ∈Aut(E), there is an isomorphism of
locally C∗-algebras αug : A→ A such that
αug (〈ξ, η〉) = 〈ug (ξ) , ug (η)〉
for all ξ, η ∈ E. It is not difficult to check that the map g → αug from G to Aut(A)
is a morphism of groups. Therefore g → αug is an action of G on A.
Let g ∈ G. Consider the linear map βug : Θ (E)→ Θ(E) defined by
βug (θξ,η) = θug(ξ),ug(η).
It is not difficult to check that βug is a ∗-morphism.
Let p ∈ S(A). Then
p˜L(E)
(
βug (θξ,η)
)
= sup{pE (ug (ξ) 〈ug (η) , ug (ζ)〉) ; pE (ug (ζ)) ≤ 1}
= sup{pE (ug (ξ 〈η, ζ〉)) ; pE (ug (ζ)) ≤ 1}
= sup{
(
p ◦ αug
)
(〈ζ, η〉 〈ξ, ξ〉 〈η, ζ〉)
1/2
;
(
p ◦ αug
)
(ζ) ≤ 1}
= sup{r (〈ζ, η〉 〈ξ, ξ〉 〈η, ζ〉)
1/2
; r (ζ) ≤ 1}
= r˜L(E) (θξ,η)
where r = p ◦ αug ∈ S(A), for all ξ, η ∈ E. From this fact, we conclude that β
u
g
extends to a morphism from K(E) to K(E), denoted also by βug . Moreover, since(
βug ◦ β
u
g−1
)
(θξ,η) = θξ,η =
(
βug−1 ◦ β
u
g
)
(θξ,η)
for all ξ, η ∈ E, βug is invertible and
(
βug
)−1
= βug−1 . Therefore β
u
g ∈Aut(K(E)).
It is not difficult to check that the map g → βug is a morphism of groups and so it
defines an action of G on K(E).
Now suppose that g → ug is a continuous inverse limit action of G on E. Let
p ∈ S(A). Then the map g → upg is a continuous action of G on Ep and so it induces
a continuous action g → αu
p
g of G on Ap such that
αu
p
g
(〈
σEp (ξ), σ
E
p (η)
〉)
=
〈
upg
(
σEp (ξ)
)
, upg
(
σEp (η)
)〉
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for all ξ, η ∈ E and for all g ∈ G and a continuous action g → βu
p
g of G on K(Ep)
such that
βu
p
g
(
θσEp (ξ),σEp (η)
)
= θupg(σEp (ξ)),u
p
g(σEp (η))
for all g ∈ G and for all ξ, η ∈ E ( see, for example, [2]).
Let p, q ∈ S(A) with p ≥ q and g ∈ G. Then:(
piApq ◦ α
up
g
) (〈
σEp (ξ), σ
E
p (η)
〉)
= piApq
(〈
upg
(
σEp (ξ)
)
, upg
(
σEp (η)
)〉)
=
〈(
σEpq ◦ u
p
g
) (
σEp (ξ)
)
,
(
σEpq ◦ u
p
g
) (
σEp (η)
)〉
=
〈
uqg
(
σEq (ξ)
)
, uqg
(
σEq (η)
)〉
= αu
q
g
(〈
σEq (ξ), σ
E
q (η)
〉)
=
(
αu
q
g ◦ pi
A
pq
) (〈
σEp (ξ), σ
E
p (η)
〉)
and ((
piApq
)
∗
◦ βu
p
g
)(
θσEp (ξ),σEp (η)
)
=
(
piApq
)
∗
(
θupg(σEp (ξ)),u
p
g(σEp (η))
)
= θ(σEpq◦u
p
g)(σEp (ξ)),(σEpq◦u
p
g)(σEp (η))
= θuqg(σEq (ξ)),u
q
g(σEq (η))
= βu
q
g
(
θσEq (ξ),σEq (η)
)
=
(
βu
q
g ◦
(
piApq
)
∗
)(
θσEp (ξ),σEp (η)
)
for all ξ, η ∈ E. From these relations, we conclude that (αu
p
g )p and
(
βu
p
g
)
p
are
inverse systems of C∗-isomorphisms, and then lim
←
p∈S(A)
αu
p
g and lim
←
p∈S(A)
βu
p
g are isomor-
phisms of locally C∗-algebras. It is not difficult to check that g → lim
←
p∈S(A)
αu
p
g and
g → lim
←
p∈S(A)
βu
p
g are continuous inverse limit actions of G on A respectively K(E).
Moreover, αug = lim
←
p∈S(A)
αu
p
g of G and β
u
g = lim
←
p∈S(A)
βu
p
g for all g ∈ G. 
4. Morita equivalence of group actions on locally C∗-algebras
In this section we introduce the notion of (strong) Morita equivalence of group
actions on locally C∗-algebras and show that this is an equivalence relation.
Definition 4.1. Let G be a locally compact group, let A and B be two locally C∗-
algebras. Two actions g → αg and g → βg of G on A respectively B are conjugate if
there is an isomorphism of locally C∗-algebras ϕ : A→ B such that αg = ϕ
−1◦βg◦ϕ
for each g ∈ G.
Remark 4.2. Conjugacy of group actions on locally C∗-algebras is an equivalence
relation.
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Lemma 4.3. Let g → αg and g → βg be two conjugate actions of G on the locally
C∗-algebras A respectively B. If g → αg is a continuous inverse limit action of G
on A, then g → βg is a continuous inverse limit action of G on B.
Proof. Suppose that αg = lim
←
p∈S(A)
αpg for each g ∈ G. Let ϕ : A → B be an isomor-
phism of locally C∗-algebras such that αg = ϕ
−1 ◦ βg ◦ ϕ for each g ∈ G.
Let p ∈ S(A). Then p ◦ ϕ−1 is a continuous C∗-seminorm on B. We show that
{p ◦ ϕ−1}p∈S(A) is a cofinal subset of S(B). For this, let q ∈ S(B). Since ϕ is an
isomorphism of locally C∗-algebras, there is p ∈ S(A) such that
q (ϕ (a)) ≤ p(a)
for all a ∈ A. Then
q (b) = q
(
ϕ
(
ϕ−1(b)
))
≤ p
(
ϕ−1(b)
)
=
(
p ◦ ϕ−1
)
(b)
for all b ∈ B. Therefore {p ◦ ϕ−1}p∈S(A) is a cofinal subset of S(B) and thus we
can identify B with lim
←
p∈S(A)
Bp◦ϕ−1 .
For each p ∈ S(A), there is an isomorphism of C∗-algebras ϕp : Ap → Bp◦ϕ−1
such that
ϕp ◦ pi
A
p = pi
B
p◦ϕ−1 ◦ ϕ
since kerpiAp = ker
(
piBp◦ϕ−1 ◦ ϕ
)
. The map g → βpg, where β
p
g = ϕp ◦ α
p
g ◦ ϕ
−1
p , is
a continuous action of G on Bp◦ϕ−1 which is conjugate with α
p. It is not difficult
to check that (βpg)p is an inverse system of C
∗-isomorphisms and βg = lim
←
p∈S(A)
βpg for
each g ∈ G. Therefore g → βg is a continuous inverse limit action of G on B. 
Proposition 4.4. Let g → αg and g → βg be two continuous inverse limit actions
of G on the locally C∗-algebras A and B. If the actions α and β are conjugate,
then the crossed products G×α A and G×β B are isomorphic.
Proof. By Lemma 4.3, we can suppose that S(B) = {p ◦ϕ−1}p∈S(A), where ϕ is an
isomorphism of locally C∗-algebras from A to B such that βg = ϕ ◦αg ◦ϕ
−1. Then
B = lim
←
p∈S(A)
Bp◦ϕ−1 , αg = lim
←
p∈S(A)
αpg for each g ∈ G and βg = lim
←
p∈S(A)
βpg for each g ∈ G.
Moreover, for each p ∈ S(A), the actions g → αpg of G on Ap and g → β
p
g of G on
Bp◦ϕ−1 are conjugate.
Let p ∈ S(A), and let ϕp be the isomorphism of C
∗-algebras from Ap to Bp◦ϕ−1
such that βpg = ϕp ◦α
p
g ◦ϕ
−1
p . Then the linear map φp : Cc(G,Ap)→ Cc(G,Bp◦ϕ−1)
defined by
φp (fp) = ϕp ◦ fp
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extends to an isomorphism of C∗-algebras from G×αp Ap to G×βp Bp◦ϕ−1 [17, pp.
66]. Since (
pi
G×βB
pq ◦ φp
)
(fp) = pi
B
pq ◦ φp (fp) = pi
B
pq ◦ ϕp ◦ fp
=
(
ϕq ◦ pi
A
pq
)
◦ fp = ϕq ◦
(
piApq ◦ fp
)
= φq
(
piG×αApq (fp)
)
=
(
φq ◦ pi
G×αA
pq
)
(fp)
for all fp ∈ Cc(G,Ap) and for all p, q ∈ S(A) with p ≥ q,
(
φp
)
p
is an inverse
system of isomorphisms of C∗-algebras and then φ = lim
←
p∈S(A)
φp is an isomorphism of
locally C∗-algebras from lim
←
p∈S(A)
G ×αp Ap to lim
←
p∈S(A)
G×βp Bp. Therefore the locally
C∗-algebras G×α A and G×β B are isomorphic. 
Definition 4.5. Let G be a locally compact group, let A and B be two locally C∗-
algebras, and let g → αg and g → βg be two actions of G on A and B. We say that
α and β are ( strongly ) Morita equivalent, if there exist a full Hilbert A-module
E, and a ( continuous ) action g → ug of G on E such that the actions of G on A
and K(E) induced by u are conjugate with the actions α respectively β. We write
α ∼E,u β if the actions α and β are Morita equivalent and α ∼
s
E,u β if the actions
α and β are strongly Morita equivalent.
Remark 4.6. Two conjugate (continuous inverse limit ) actions of G on the locally
C∗-algebras A and B are (strongly) Morita equivalent.
Remark 4.7. If α ∼sE,u β and α is a continuous inverse limit action, then u and
β are continuous inverse limit actions. Indeed, for any p ∈ S(A) we have
pE(ug (ξ))
2 = p (〈ug (ξ) , ug (ξ)〉) = p (αg (〈ξ, ξ〉)) = pE (ξ)
2
for all g ∈ G and for all ξ ∈ E, and then, by Remark 3.6, g → ug is a continuous
inverse limit action of G on E. Moreover, by Proposition 3.8 and Lemma 4.3,
g → βg is a continuous inverse limit action.
Let E be a full Hilbert A-module and let E˜ = K(E,A). Then E˜ is a Hilbert
K(E)-module in a natural way [6, pp. 805-806]. Moreover, E˜ is full and the locally
C∗-algebras K(E˜) and A are isomorphic [6, pp. 805-806].
Proposition 4.8. Let G be a locally compact group and let g → ug be an action
of G on a full Hilbert A-module E. Then u induces an action g → u˜g of G on the
Hilbert K(E)-module E˜ such that u˜g (θa,ξ) = θαug (a),ug(ξ) for all a ∈ A and for all
ξ ∈ E. Moreover, if u is a continuous inverse limit action, then u˜ is a continuous
inverse limit action.
Proof. Let g ∈ G. Consider the linear map u˜g : Θ (E,A)→ Θ(E,A) defined by
u˜g(θa,ξ) = θαug (a),ug(ξ).
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Since
p eE (u˜g(θa,ξ)) = p˜L(E,A) (u˜g(θa,ξ)) = p˜L(E,A)
(
θαug (a),ug(ξ)
)
= sup{p
(
αug (a) 〈ug (ξ) , ug (ζ)〉
)
; pE(ug (ζ)) ≤ 1}
= r˜L(E,A) (θa,ξ) = r eE (θa,ξ)
where r = p◦αug ∈ S(A), for all a ∈ A and for all ξ ∈ E, u˜g extends to a continuous
linear map, denoted also by u˜g, from K(E,A) to K(E,A). From
〈u˜g(θa,ξ), u˜g(θb,η)〉 =
〈
θαug (a),ug(ξ), θαug (b),ug(η)
〉
= θug(ξ),αug (a) ◦ θαug (b),ug(η)
= θug(ξa∗),ug(ηb∗) = β
u
g (θξa∗ηb∗)
= βug (〈θa,ξ, θb,η〉)
for all ξ, η ∈ E and for all a, b ∈ A, and taking into account that u˜g is continuous
and Θ (E,A) is dense in K(E,A), we conclude that u˜g is a morphism of Hilbert
modules. Moreover, since u˜g is invertible and (u˜g)
−1
= u˜g−1 , u˜g is an isomorphism
of Hilbert modules. A simple calculation shows that the map g → u˜g is an action
of G on E˜.
Now, we suppose that g → ug is a continuous inverse limit action. Then ug =
lim
←
p∈S(A)
upg for each g ∈ G and g → u
p
g is a continuous action of G on Ep for each p ∈
S(A). For each p ∈ S(A), the continuous action up of G on Ep induces a continuous
action u˜p of G on E˜p. It is not difficult to check that for each g ∈ G,
(
u˜pg
)
p
is an
inverse system of isomorphisms of Hilbert modules and then g → lim
←
p∈S(A)
u˜pg is a
continuous inverse limit action of G on lim
←
p∈S(A)
E˜p. Since the Hilbert A-modules E˜
and lim
←
p∈S(A)
E˜p are unitarily equivalent [6, pp. 805-806], the action g → lim
←
p∈S(A)
u˜pg of
G on lim
←
p∈S(A)
E˜p can be identified with an action of G on E˜. Moreover,
 lim
←
p∈S(A)
u˜pg
 (θa,ξ)) = θαug (a),ug(ξ)
for all a ∈ A and for all ξ ∈ E. 
Remark 4.9. Let G be a locally compact group and let g → ug be an action of G
on a full Hilbert A-module E.
(1) The action of G on K(E) induced by u˜ coincides with the action of G on
K(E) induced by u.
(2) Since ϕ : K(E˜)→ A defined by
ϕ
(
θθa,ξ,θb,η
)
= 〈ξa∗, ηb∗〉
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is an isomorphism of locally C∗-algebras, and since(
αug ◦ ϕ
) (
θθa,ξ,θb,η
)
= αug (〈ξa
∗, ηb∗〉)
=
〈
ug (ξ)α
u
g (a)
∗
, ug (η)α
u
g (b)
∗
〉
= ϕ
(
θθαug (a),ug(ξ),θαug (b),ug(η)
)
= ϕ
(
θeug(θa,ξ),eug(θb,ξ)
)
=
(
ϕ ◦ βeug
) (
θθa,ξ,θb,η
)
for all a, b ∈ A, for all ξ, η ∈ E and for all g ∈ G, the action of G on A
induced by u is conjugate with the action of G on K(E˜) induced by u˜.
Let E be a Hilbert A-module, let F be a Hilbert B-module and let Φ : A→ L(F )
be a non-degenerate representation of A on F . The tensor product E ⊗A F of E
and F over A becomes a pre-Hilbert B-module with the action of B on E ⊗A F
defined by
(ξ ⊗A η) b = ξ ⊗A ηb
and the inner product defined by
〈ξ1 ⊗A η1, ξ2 ⊗A η2〉Φ = 〈η1,Φ (〈ξ1, ξ2〉) η2〉 .
The completion of E ⊗A F with respect to the topology determined by the inner
product is called the interior tensor product of the Hilbert modules E and F using
Φ and it is denoted by E ⊗Φ F [11, Proposition 4.1]. An element in E ⊗Φ F is
denoted by ξ ⊗Φ η.
Definition 4.10. Let g → αg be an action of G on A and let Φ : A→ L(F ) be a
non-degenerate representation of A on a Hilbert B-module F . An action g → vg of
G on F is Φ covariant relative to α if
vgΦ (a) vg−1 = Φ(αg(a))
for all a ∈ A and for all g ∈ G.
Proposition 4.11. Let G be a locally compact group, let E be a full Hilbert A-
module, let F be a full Hilbert B-module and let Φ : A→ L(F ) be a non-degenerate
representation of A on F . If g → ug is an action of G on E and g → vg is an
action of G on F which is Φ covariant relative to αu ( the action of G on A induced
by u ), then there is a unique action g → wu,vg of G on E ⊗Φ F such that
wu,vg (ξ ⊗Φ η) = ug (ξ)⊗Φ vg (η)
for all ξ ∈ E, for all η ∈ F and for all g ∈ G. Moreover, if g → ug is a continuous
action of G on E and g → vg is a continuous inverse limit action of G on F , then
g → wu,vg is a continuous inverse limit action of G on E ⊗Φ F .
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Proof. Let g ∈ G. Since
ug (ξa)⊗Φ vg (η) = ug (ξ)⊗Φ vgΦ (a) (η)
for all ξ ∈ E, for all η ∈ F and for all a ∈ A, and since
qE⊗ΦF (ug (ξ)⊗Φ vg (η))
2
= q
(〈
vg (η) ,Φ
(
αug (〈ξ, ξ〉)
)
vg (η)
〉)
= q (〈vg (η) , vg (Φ (〈ξ, ξ〉) (η))〉)
= q
(
αvg (〈η,Φ (〈ξ, ξ〉) (η)〉)
)
=
(
q ◦ αvg
)
(〈ξ ⊗Φ η, ξ ⊗Φ η〉Φ)
= rE⊗ΦF (ξ ⊗Φ η)
2
where r = q ◦ αvg ∈ S(B), for all ξ ∈ E and for all η ∈ F , there is a continuous
linear map wu,vg : E ⊗Φ F → E ⊗Φ F such that
wu,vg (ξ ⊗Φ η) = ug (ξ)⊗Φ vg (η) .
From 〈
wu,vg (ξ1 ⊗Φ η1) , w
u,v
g (ξ2 ⊗Φ η2)
〉
Φ
= αvg (〈ξ1 ⊗Φ η1, ξ2 ⊗Φ η2〉Φ)
for all ξ1, ξ2 ∈ E and for all η1, η2 ∈ F and taking into account that w
u,v
g ◦w
u,v
g−1 =
wu,vg−1 ◦ w
u,v
g =id E⊗ΦF , we conclude that w
u,v
g ∈Aut(E ⊗Φ F ). Since {ξ ⊗Φ η; ξ ∈
E, η ∈ F} generates E⊗ΦF , w
u,v
g is the unique linear map from E⊗ΦF to E⊗ΦF
such that
wu,vg (ξ ⊗Φ η) = ug (ξ)⊗Φ vg (η)
for all ξ ∈ E, for all η ∈ F and for all g ∈ G. It is not difficult to check that
g → wu,vg is an action of G on E ⊗Φ F .
To show that the action wu,v of G on E⊗ΦF is a continuous inverse limit action
if u is continuous and v is a continuous inverse limit action, we partition the proof
into two steps.
Step 1. We suppose that B is a C∗-algebra.
Let x0 ∈ E ⊗Φ F and ε > 0. Then there is ξ0 ∈ E and η0 ∈ F such that
‖x0 − ξ0 ⊗Φ η0‖ ≤ ε/6.
Since Φ is a representation of A on F there is p ∈ S(A) such that
‖Φ (a)‖ ≤ p(a)
for all a ∈ A, and since g → ug and g → vg are continuous, there is a neighborhood
U0 of g0 such that
pE (ug (ξ0)− ξ0) ≤ min{
√
ε/6, ε/ (6 ‖η0‖)}
and
‖vg (η0)− η0‖ ≤ min{
√
ε/6, ε/ (6pE(ξ0))}
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for all g ∈ U0. Then, since
‖ξ ⊗Φ η‖
2
= ‖〈ξ ⊗Φ η, ξ ⊗Φ η〉Φ‖ = ‖〈η,Φ (〈ξ, ξ〉) η〉‖
≤ ‖η‖ ‖Φ (〈ξ, ξ〉) η‖ ≤ ‖η‖2 ‖Φ (〈ξ, ξ〉)‖
≤ ‖η‖
2
p (〈ξ, ξ〉) = ‖η‖
2
pE (ξ)
2
for all ξ ∈ E and for all η ∈ F , we have∥∥wu,vg (x0)− x0∥∥ ≤ ∥∥wu,vg (x0 − ξ0 ⊗Φ η0)∥∥+ ∥∥wu,vg (ξ0 ⊗Φ η0)− ξ0 ⊗Φ η0∥∥
+ ‖x0 − ξ0 ⊗Φ η0‖
≤ 2 ‖x0 − ξ0 ⊗Φ η0‖+ ‖ug (ξ0)⊗Φ vg (η0)− ξ0 ⊗Φ η0‖
≤ ε/3 + ‖(ug (ξ0)− ξ0)⊗Φ (vg (η0)− η0)‖
+ ‖ξ0 ⊗Φ (vg (η0)− η0)‖+ ‖(ug (ξ0)− ξ0)⊗Φ η0‖
≤ ε/3 + ‖vg (η0)− η0‖ pE (ug (ξ0)− ξ0)
+ ‖vg (η0)− η0‖ pE (ξ0) + ‖η0‖ pE (ug (ξ0)− ξ0)
≤ ε
for all g ∈ U0. Therefore the action w
u,v of G on E ⊗Φ F is continuous.
Step 2. The general case when B is a locally C∗-algebra. By [11, Proposition
4.2], E⊗Φ F can be identified with lim
←
q∈S(B)
E⊗Φq Fq, where Φq =
(
piBq
)
∗
◦Φ for each
q ∈ S(B).
Let q ∈ S(B). From
vqgΦq (a) v
q
g−1
(
σFq (η)
)
=
(
vqgΦq (a)
) (
σFq
(
vg−1 (η)
))
= vqg
(
σFq
(
Φ (a) vg−1 (η)
))
= σFq
(
vqgΦ (a) vg−1 (η)
)
= σFq
(
Φ
(
αug (a)
)
(η)
)
= Φq
(
αug (a)
) (
σFq (η)
)
for all η ∈ F , for all a ∈ A and for all g ∈ G, we conclude that the action g → vqg
of G on Fq is Φq covariant relative to α
u. Then, by the first step of this prof,
g → wu,v
q
g is a continuous action of G on E ⊗Φq Fq. It is not difficult to check
that for each g ∈ G,
(
wu,v
q
g
)
q
is an inverse system of isomorphisms of Hilbert C∗-
modules, and the map g → lim
←
q∈S(B)
wu,v
q
g is a continuous inverse limit action of G on
lim
←
q∈S(B)
E ⊗Φq Fq. Moreover, this action can be identified with the action g → w
u,v
g
of G on E ⊗Φ F. 
Remark 4.12. (1) The action of G on B induced by the action wu,v of G on
E ⊗Φ F coincides with the action of G on B induced by v.
(2) Suppose that Φ : A→ K(E) is an isomorphism of locally C∗-algebras. Then
Φ∗ : K(E) → K(E ⊗Φ F ) defined by Φ∗ (T ) (ξ ⊗Φ η) = T (ξ) ⊗Φ η is an
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isomorphism of locally C∗-algebras [11, Proposition 4.4 and Corollary 4.6].
In this case, the action of G on K(E ⊗Φ F ) induced by w
u,v is conjugate
with the action of G on K(E) induced by u. Indeed, we have(
βw
u,v
g ◦ Φ∗
)
(T ) (ξ ⊗Φ η) =
(
wu,wg Φ∗ (T )w
u,w
g−1
)
(ξ ⊗Φ η)
=
(
wu,wg Φ∗ (T )
) (
ug−1 (ξ)⊗Φ vg−1 (η)
)
= wu,wg
(
T
(
ug−1 (ξ)
)
⊗Φ vg−1 (η)
)
= ugTug−1 (ξ)⊗Φ η
= βug (T ) (ξ)⊗Φ η
= Φ∗
(
βug (T )
)
(ξ ⊗Φ η)
=
(
Φ∗ ◦ β
u
g
)
(T ) (ξ ⊗Φ η)
for all ξ ∈ E and for all η ∈ F .
Proposition 4.13. Morita equivalence of group actions on locally C∗-algebras is
an equivalence relation.
Proof. Let α be an action of G on the locally C∗-algebra A. Clearly, we can regard
α as an action of G on the Hilbert A-module A. Since the Hilbert A-module A
is full and since K(A) is isomorphic with A, α ∽A,α α. Therefore the relation is
reflexive.
From Proposition 4.8 and Remark 4.9, we conclude that the relation is symmet-
ric.
To show that the relation is transitive, let α, β, γ be three actions of G on the
locally C∗-algebras A, B and C such that α ∽E,u β and β ∽F,v γ. By [6, the
proof of Proposition 4.4], F ⊗i E, where i is the embedding of K(E) in L(E), is a
full Hilbert A-module such that the locally C∗-algebras K(E) and K(F ⊗i E) are
isomorphic. Since
i
(
βug (θξ,η)
)
= ugi (θξ,η) ug−1
for all g ∈ G and for all ξ, η ∈ E, the action u is covariant with respect to i relative
to βu. Then, from Proposition 4.11 and Remark 4.12, we conclude that the pair
(F ⊗i E,w
u,v) implements a Morita equivalence between α and γ. 
In the same way as in the proof of Proposition 4.13 and using Remark 4.7, we
obtain the following proposition.
Proposition 4.14. Strong Morita equivalence of continuous inverse limit group
actions on locally C∗-algebras is an equivalence relation.
5. Crossed products of locally C∗-algebras associated with strong
Morita equivalent actions
Let G be a locally compact group and let E be a Hilbert module over a locally
C∗-algebra A.
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Let Cc(G,E) be the vector space of all continuous functions from G to E with
compact support.
Remark 5.1. If ξ̂, η̂ ∈ Cc(G,E), then the function
〈
ξ̂, η̂
〉
: G → A defined by〈
ξ̂, η̂
〉
(s) =
〈
ξ̂(s), η̂(s)
〉
is with compact support.
Lemma 5.2. Let ξ̂ ∈ Cc(G,E). Then there is a unique element
∫
G
ξ̂(s)ds ∈ E, such
that 〈∫
G
ξ̂(s)ds, η
〉
=
∫
G
〈
ξ̂(s), η
〉
ds
for all η ∈ E. Moreover,
(1) pE
(∫
G
ξ̂(s)ds
)
≤Mbξ sup{pE
(
ξ̂(s)
)
; s ∈ G} for some positive number Mbξ;
(2)
(∫
G
ξ̂(s)ds
)
a =
∫
G
ξ̂(s)ads for all a ∈ A;
(3) T
(∫
G
ξ̂(s)ds
)
=
∫
G
T
(
ξ̂(s)
)
ds for all T ∈ L(E,F ).
Proof. Consider the map T
(
ξ̂
)
: E → A defined by
T
(
ξ̂
)
(η) =
∫
G
〈
ξ̂ (s) , η
〉
ds.
By Lemma 2.2, T
(
ξ̂
)
is a module morphism. Let p ∈ S(A). Then
p˜L(E,A)
(
T
(
ξ̂
))
= sup{p
(
T
(
ξ̂
)
(η)
)
; pE(η) ≤ 1}
= sup{p
∫
G
〈
ξ̂ (s) , η
〉
ds
 ; pE(η) ≤ 1}
≤ Mbξ sup{sup{p
(〈
ξ̂ (s) , η
〉)
; s ∈ G}; pE(η) ≤ 1}
≤ Mbξ sup{pE
(
ξ̂ (s)
)
; s ∈ G}
where Mbξ =
∫
Gbξ
ds, Gbξ = suppξ̂.
If ξ̂ = ξ ⊗ f, ξ ∈ E and f ∈ Cc(G), it is not difficult to check that T
(
ξ̂
)
= Tζ,
where ζ =
(∫
G
f(s)ds
)
ξ and Tζ (η) = 〈ζ, η〉 for all η ∈ E. Therefore T
(
ξ̂
)
∈
K(E,A).
Now suppose that ξ̂ ∈ Cc(G,E). For ε > 0 and p ∈ S(A), there exist ξi ∈ E and
fi ∈ Cc(G), i = 1, 2, ..., n, such that
sup{pE
(
ξ̂ (s)−
n∑
i=1
fi(s)ξi
)
, s ∈ G} ≤ ε/Mbξ.
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Then
p˜L(E,A)
(
T
(
ξ̂
)
− T
(
n∑
i=1
ξi ⊗ fi
))
≤ Mbξ sup{pE
(
ξ̂ (s)−
n∑
i=1
fi(s)ξi
)
, s ∈ G}
≤ ε.
From these facts we conclude that T
(
ξ̂
)
∈ K(E,A). Therefore there is a unique
element
∫
G
ξ̂(s)ds ∈ E such that
T
(
ξ̂
)
(η) =
〈∫
G
ξ̂(s)ds, η
〉
and so 〈∫
G
ξ̂(s)ds, η
〉
=
∫
G
〈
ξ̂(s), η
〉
ds
for all η ∈ E. Moreover, p˜L(E,A)
(
T
(
ξ̂
))
= pE
(∫
G
ξ̂(s)ds
)
[10, Lemma 2.1.3 and
Corollary 1.2.3 ], and thus the relation (1) is verified.
Let a ∈ A. Then〈∫
G
ξ̂(s)ads, η
〉
=
∫
G
〈
ξ̂(s)a, η
〉
ds = a∗
∫
G
〈
ξ̂(s), η
〉
ds
= a∗
〈∫
G
ξ̂(s)ds, η
〉
=
〈∫
G
ξ̂(s)ds
 a, η〉
for all η ∈ E. This implies that∫
G
ξ̂(s)ads =
∫
G
ξ̂(s)ds
 a
and thus the relation (2) is verified. Let T ∈ L(E,F ). From〈
T
∫
G
ξ̂(s)ds
 , η〉 = 〈∫
G
ξ̂(s)ds, T ∗(η)
〉
=
∫
G
〈
ξ̂(s), T ∗(η)
〉
ds
=
∫
G
〈
T
(
ξ̂(s)
)
, η)
〉
ds =
〈∫
G
T
(
ξ̂(s)
)
ds, η)
〉
we conclude that T
(∫
G
ξ̂(s)ds
)
=
∫
G
T
(
ξ̂(s)
)
ds, and then the relation (3) is verified
too. 
Let g → ug be a continuous inverse limit action of G on a full Hilbert A-module
E. We can suppose that ug = lim
←
p∈S(A)
upg for each g ∈ G, where g → u
p
g, p ∈ S(A)
are continuous actions of G on Ep.
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Let ξ̂ ∈ Cc(G,E) and f ∈ Cc(G,A). It is not difficult to check that the function
(s, t)→ ξ̂ (s)αus
(
f
(
s−1t
))
from G×G to E is continuous with compact support and the formula
t→
(
ξ̂ · f
)
(t) =
∫
G
ξ̂ (s)αus
(
f
(
s−1t
))
ds, t ∈ G
defines an element ξ̂ · f ∈ Cc(G,E). Thus, we have defined a map from Cc(G,A)×
Cc(G,E)→ Cc(G,E) by (
ξ̂, f
)
7→ ξ̂ · f.
It is not difficult to check that this map is C -linear with respect to its variables.
Let ξ̂ ∈ Cc(G,E) and f, h ∈ Cc(G,A). From(
ξ̂ · (f × h)
)
(t) =
∫
G
ξ̂ (s)αus
(
(f × h)
(
s−1t
))
ds
=
∫
G
ξ̂ (s)αus
∫
G
f (r)αur
(
h
(
r−1s−1t
))
dr
 ds
=
∫
G
ξ̂ (s)
∫
G
αus
(
f
(
s−1g
))
αug
(
h
(
g−1t
))
dg
 ds
=
∫
G
∫
G
ξ̂ (s)αus
(
f
(
s−1g
))
αur
(
h
(
g−1t
))
dg
 ds
and ((
ξ̂ · f
)
· h
)
(t) =
∫
G
(
ξ̂ · f
)
(s)αus
(
h
(
s−1t
))
ds
=
∫
G
∫
G
ξ̂ (r)αur
(
f
(
r−1s
))
dr
αus (h (s−1t)) ds
=
∫
G
∫
G
ξ̂ (r)αur
(
f
(
r−1s
))
αus
(
h
(
s−1t
))
dr
 ds
=
∫
G
∫
G
ξ̂ (r)αur
(
f
(
r−1s
))
αus
(
h
(
s−1t
))
ds
 dr
for all t ∈ G, we conclude that
ξ̂ · (f × h) =
(
ξ̂ · f
)
· h.
Therefore Cc(G,E) has a structure of right Cc(G,A)-module.
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Let ξ̂, η̂ ∈ Cc(G,E). It is not difficult to check that the function
(s, t)→ αus−1
(〈
ξ̂ (s) , η̂ (st)
〉)
from G×G to A is continuous with compact support and the formula
t→
∫
G
αus−1
(〈
ξ̂ (s) , η̂ (st)
〉)
ds
defines an element in Cc(G,A). Thus, we have defined a Cc(G,A)-valued inner
product 〈·, ·〉Cc(G,E) : Cc(G,E)× Cc(G,E)→ Cc(G,A) by
〈
ξ̂, η̂
〉
Cc(G,E)
(t) =
∫
G
αus−1
(〈
ξ̂ (s) , η̂ (st)
〉)
ds.
It is not difficult to check that the inner product defined above is C-linear with
respect to its second variable.
Let f ∈ Cc(G,A), ξ̂, η̂ ∈ Cc(G,E). From
〈
ξ̂, η̂ · f
〉
Cc(G,E)
(t) =
∫
G
αus−1
(〈
ξ̂ (s) , (η̂ · f) (st)
〉)
ds
=
∫
G
αus−1
〈ξ̂ (s) , ∫
G
η̂ (g)αug
(
f
(
g−1st
))
dg
〉 ds
=
∫
G
αus−1
∫
G
(〈
ξ̂ (s) , η̂ (g)αug
(
f
(
g−1st
))〉)
dg
 ds
=
∫
G
∫
G
αus−1
(〈
ξ̂ (s) , η̂ (g)αug
(
f
(
g−1st
))〉)
dg
 ds
=
∫
G
∫
G
αus−1
(〈
ξ̂ (s) , η̂ (g)
〉)
αus−1g
(
f
(
g−1st
))
dg
 ds
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and(〈
ξ̂, η̂
〉
Cc(G,E)
× f
)
(t) =
∫
G
〈
ξ̂, η̂
〉
Cc(G,A)
(s)αus
(
f
(
s−1t
))
ds
=
∫
G
∫
G
αur−1
(〈
ξ̂ (r) , η̂ (rs)
〉)
dr
αus (f (s−1t)) ds
=
∫
G
∫
G
αur−1
(〈
ξ̂ (r) , η̂ (rs)
〉)
αus
(
f
(
s−1t
))
dr
 ds
Fubini’s Theorem
=
∫
G
∫
G
αur−1
(〈
ξ̂ (r) , η̂ (rs)
〉)
αus
(
f
(
s−1t
))
ds
 dr
=
∫
G
∫
G
αur−1
(〈
ξ̂ (r) , η̂ (g)
〉)
αur−1g
(
f
(
g−1rt
))
dg
 dr
for all t ∈ G, we deduce that〈
ξ̂, η̂ · f
〉
Cc(G,E)
=
〈
ξ̂, η̂
〉
Cc(G,E)
× f .
From(〈
ξ̂, η̂
〉
Cc(G,E)
)#
(t) = ∆ (t)−1 αut
((〈
ξ̂, η̂
〉
Cc(G,E)
(t−1)
)∗)
= ∆(t)
−1
αut
∫
G
αus−1
(〈
ξ̂ (s) , η̂
(
st−1
)〉)
ds
∗
= ∆(t)
−1
αut
∫
G
αus−1
(〈
η̂
(
st−1
)
, ξ̂ (s)
〉)
ds

= ∆(t)−1
∫
G
αuts−1
(〈
η̂
(
st−1
)
, ξ̂ (s)
〉)
ds
= ∆(t)
−1
∫
G
αug−1
(〈
η̂ (g) , ξ̂ (gt)
〉)
∆(t) dg
=
〈
η̂, ξ̂
〉
Cc(G,E)
(t)
for all t ∈ G, we deduce that
(〈
ξ̂, η̂
〉
Cc(G,E)
)#
=
〈
η̂, ξ̂
〉
Cc(G,E)
.
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Let ξ̂ ∈ Cc(G,E) and p ∈ S(A). Then(
piAp ◦
〈
ξ̂, ξ̂
〉
Cc(G,E)
)
(t) = piAp
∫
G
αus−1
(〈
ξ̂ (s) , ξ̂ (st)
〉)
ds

=
∫
G
piAp
(
αus−1
(〈
ξ̂ (s) , ξ̂ (st)
〉))
ds
=
∫
G
αu
p
s−1
(〈(
σEp ◦ ξ̂
)
(s) ,
(
σEp ◦ ξ̂
)
(st)
〉)
ds
=
(〈
σEp ◦ ξ̂, σ
E
p ◦ ξ̂
〉
Cc(G,Ep)
)
(t)
for all t ∈ G. From this fact and [2, Remark pp. 300 ], we deduce that piAp ◦〈
ξ̂, ξ̂
〉
Cc(G,E)
is a positive element in Cc(G,Ap) for all p ∈ S(A). Therefore〈
ξ̂, ξ̂
〉
Cc(G,E)
is a positive element in Cc(G,A).
Let ξ̂ ∈ Cc(G,A) such that
〈
ξ̂, ξ̂
〉
Cc(G,E)
= 0. Then piAp ◦
〈
ξ̂, ξ̂
〉
Cc(G,E)
= 0
for all p ∈ S(A), and since piAp ◦
〈
ξ̂, ξ̂
〉
Cc(G,E)
=
〈
σEp ◦ ξ̂, σ
E
p ◦ ξ̂
〉
Cc(G,Ep)
for all
p ∈ S(A), we have
〈
σEp ◦ ξ̂, σ
E
p ◦ ξ̂
〉
Cc(G,Ep)
= 0 for all p ∈ S(A). From this fact
and [2, Remark pp. 300 ], we deduce that σEp ◦ ξ̂ = 0 for all p ∈ S(A) and so ξ̂ = 0.
Therefore
〈
ξ̂, ξ̂
〉
Cc(G,E)
= 0 if and only of ξ̂ = 0.
Thus we showed that Cc(G,E) is a right Cc(G,A)-module equipped with a
Cc(G,A)-valued inner product which is C-and Cc(G,A)-linear in its second variable
and verify the relations (1), (2) and (3) of Definition 2.1.
Let EG be the completion of Cc(G,E) with respect to the topology determined
by the inner product if we consider on Cc(G,A) the topology determined by the
family of C∗-seminorms {np}p∈S(A). Then E
G is a Hilbert G ×αu A-module [10,
Remark 1.2.10].
Lemma 5.3. Let p ∈ S(A). Then the Hilbert G ×αup Ap-modules
(
EG
)
p
and EGp
are unitarily equivalent.
Proof. Let ξ̂ ∈ Cc(G,E). Then
np
(
ξ̂
)2
= np
(〈
ξ̂, ξ̂
〉
Cc(G,E)
)
= sup{
∥∥∥∥ϕ(〈ξ̂, ξ̂〉Cc(G,E)
)∥∥∥∥ ;ϕ ∈ Rp(G×αu A)}
= sup{
∥∥∥∥ϕp(〈σEp ◦ ξ̂, σEp ◦ ξ̂〉Cc(G,Ep)
)∥∥∥∥ ;ϕp ∈ R ((G×αu A)p)}
=
∥∥∥σEp ◦ ξ̂∥∥∥2
EGp
.
CROSSED PRODUCTS OF LOCALLY C∗-ALGEBRAS AND MORITA EQUIVALENCE 23
Thus we can define a linear map Up : Cc(G,E)/ ker
(
np|Cc(G,E)
)
→ Cc(G,Ep) by
Up
(
ξ̂ + ker
(
np|Cc(G,E)
))
= σEp ◦ ξ̂.
Moreover, 〈
Up
(
ξ̂ + ker
(
np|Cc(G,E)
))
, Up
(
ξ̂ + ker
(
np|Cc(G,E)
))〉
Cc(G,Ep)
=
〈
σEp ◦ ξ̂, σ
E
p ◦ ξ̂
〉
Cc(G,Ep)
= piAp ◦
〈
ξ̂, ξ̂
〉
Cc(G,E)
=
〈
ξ̂ + ker
(
np|Cc(G,E)
)
, ξ̂ + ker
(
np|Cc(G,E)
)〉
(Cc(G,E))p
where (Cc(G,E))p = Cc(G,E)/ ker
(
np|Cc(G,E)
)
. For ξ ∈ E and f ∈ Cc(G), the
map s→ ξ̂f , where ξ̂f (s) = f(s)ξ, defines an element in Cc(G,E) and
Up
(
ξ̂f + ker
(
np|Cc(G,E)
))
(t) = f(t)σEp (ξ) = σ̂
E
p (ξ)f .
From these facts, [12, Theorem 3.5 ] and taking into account that the vector space
(Cc(G,E))p is dense in
(
EG
)
p
and Ep⊗algCc(G) is dense in E
G
p , we deduce that Up
extends to a unitary operator from
(
EG
)
p
to EGp . Therefore the Hilbert G×αup Ap-
modules
(
EG
)
p
and EGp are unitarily equivalent. 
Corollary 5.4. The Hilbert G×αuA-modules E
G and lim
←
p∈S(A)
EGp are unitarily equiv-
alent and the locally C∗-algebras K
(
EG
)
and lim
←
p∈S(A)
K(EGp ) are isomorphic.
Proof. If Up is the unitary operator from
(
EG
)
p
to EGp constructed in the proof of
Lemma 5.3, for each p ∈ S(A), then (Up)p is an inverse system of unitary operators
and so the Hilbert G ×αu A-module E
G and lim
←
p∈S(A)
EGp are unitarily equivalent.
By [14, Proposition 4.7], the locally C∗-algebras K
(
EG
)
and lim
←
p∈S(A)
K(EGp ) are
isomorphic. 
Definition 5.5. ([6]) Two locally C∗-algebras A and B are strongly Morita equiv-
alent if there is a full Hilbert A-module E such that the locally C∗-algebras K(E)
and B are isomorphic.
Theorem 5.6. Let G be a locally compact group and let α and β be two continuous
inverse limit actions of G on the locally C∗-algebras A and B. If the actions α and
β are strongly Morita equivalent, then the crossed products G×αA and G×β B are
strongly Morita equivalent.
Proof. Suppose that α ∽sE,u β. Then, by Proposition 4.4, the locally C
∗-algebras
G ×α A and G ×αu A are isomorphic and so they are strongly Morita equivalent
as well as the locally C∗-algebras G×β B and G×βu K(E). To proof the theorem
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it is sufficient to prove that the locally C∗-algebras G×αu A and G×βu K(E) are
strongly Morita equivalent.
For each p ∈ S(A), a simple calculus shows that αu
p
∽
s
Ep,up
βu
p
and by [2,
Remark pp. 300], the Hilbert G ×αup Ap-module E
G
p implements a strong Morita
equivalence between G ×αup Ap and G ×βup K(Ep). Moreover, the linear map
Φp : Θ(E
G
p )→ Cc(G,K(Ep)) defined by
Φp
(
θcξp,cηp
)
(t) =
∫
G
θcξp(s),∆(t−1s)u
p
t (cηp(t−1s))
ds
extends to an isomorphism of C∗-algebras fromK(EGp ) to G×βupK(Ep) [2, Remark
pp. 300].
Let EG be the Hilbert G×αu A-module constructed above. From Corollary 5.4
and taking into account that for each p ∈ S(A), the Hilbert G×αup Ap-module E
G
p
is full, we conclude that EG is full. It is not difficult to check that
pi
G×βuK(E)
pq ◦ Φp = Φq ◦
(
piK(E
G)
pq
)
∗
for all p, q ∈ S(A) with p ≥ q, where {pi
G×βuK(E)
pq }p,q∈S(A),p≥q and {
(
pi
K(EG)
pq
)
∗
}p,q∈S(A),p≥q are the connecting maps of the inverse systems of C
∗-algebras {G×βup
K(Ep)}p∈S(A) respectively {K(E
G
p )}p∈S(A). Therefore (Φp)p is an inverse system of
C∗-isomorphisms, and then the locally C∗-algebras lim
←
p∈S(A)
K(EGp ) and lim
←
p∈S(A)
G×βup
K(Ep) are isomorphic. From this fact, we deduce that the locally C
∗-algebras
K
(
EG
)
and G ×βu K(E) are isomorphic and so the locally C
∗-algebras G ×αu A
and G×βu K(E) are strongly Morita equivalent. 
Corollary 5.7. Let G be a compact group and let α and β be two continuous
actions of G on the locally C∗-algebras A and B such that the maps (g, a)→ αg(a)
from G×A to A and (g, b)→ βg(b) from G×B to B are jointly continuous. If the
actions α and β are strongly Morita equivalent, then the crossed products G ×α A
and G×β B are strongly Morita equivalent.
Proof. Since the group G is compact, the actions α and β of G on A and B are
continuous inverse limit actions [15] and apply Theorem 5.6. 
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